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Abstract

Pre-exam recruitment (PER) self-arranged by colleges in China is the alternative admis-
sion method outside the centralized National College Entrance Examination (NCEE) System,
and it has become increasingly prevalent among colleges over the recent years. I attribute
this rapid spread of PER to the reform of the admission policy which renders the admission
mechanism vulnerable to college manipulation. The former “sequential mechanism” is equiv-
alent to Boston mechanism, and it is not strategy-proof for students or colleges. Under that
old mechanism, students strategize in a sophisticated level that leaves no incentive for colleges
to manipulate, since the overall space for Pareto improvement is limited. The reform brings
about the “parallel mechanism”, which generates the matchings that are equivalent to both the
student-optimal and college-optimal deferred acceptance algorithm under the acyclic priority
structure. Since students can only submit a fixed length of preference list in the application,
this new mechanism is strategy-proof for them. However, it is manipulable for individual col-
leges because PER allows them to reallocate their type specific quotas. Colleges can reduce the
quality gap between different types of students, so as to improve the overall student qualities.
However, unlike the manipulation under the inefficient “sequential mechanism”, the “parallel
mechanism” which is college optimal has no space for Pareto improvement for all the colleges
as a whole. Under this mechanism, individual college benefits themselves at the expense of
hurting other colleges, but some students of cyclic preferences strictly benefits from PER as
they are able to attend their more favorable colleges. In equilibrium, all the colleges partici-
pate in PER and allocate their quotas in accordance with the distributions of students across
types. However, this equilibrium is unattainable as the proportion of capacities set aside for
PER can never be 100% under the existing education policy. Colleges thus keep enlarging this
proportion as a response of other colleges’ PER, and this may partly explain why we observe
the increasing prevalence of PER.
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1 Introduction

1.1 National College Entrance Exam
Each year in China, millions of high school seniors sit for the National College Entrance Examina-
tion (NCEE), or commonly known as “gāokǎo”, which the exam results determine their entry into
colleges or universities. A university education markedly increases life chances in China, where
the society, including the job market, is highly competitive. However, the number of applicants far
exceeds available capacities of colleges, and competitions are especially fierce for entry into the
prestigious universities.
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Figure 1: Application and Admission in China’s College Entrance Exam (1977-2009)

Figure 1 plots the trend of the number of test takers and the number of admitted students from year
1977 to 20091. As it is shown, higher education in China has been a scarce resource and it has
been long that a large proportion of high school graduates fail to further their studies in colleges
or universities. Although there has been a continuous increase in college enrollment as a response
to the needs of the country’s rapid economic development, it is still far from satisfying the faster
growing demand for higher education. During the past decade when the baby-boomer generations’

1The National College Entrance Exam was created in 1952, and it was suspended during the Cultural Revolution
from 1966-1976 [5].
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children started to graduate from high school, the higher education supply and demand gap was
further enlarged.

As the dominant channel for Chinese students to enter colleges [8], NCEE takes into account the
welfare concerns and policy requirements. Under the direction of the Ministry of Education, it has
been undergoing reforms in both the content of the tests and the design of admission mechanism.
For the later, college admission via NCEE is the world’s largest centralized two-sided matching
process [7], in which students submit their preferences for colleges and colleges enroll students
based on their exam scores. The admission follows a tier-based procedure2. Every year the Min-
istry of Education publishes a list of universities that can be entered into the different tiers on the
preference submission form for students. In addition, each college has its quota for different types
of students, with types primarily determined by geography such as provinces and major cities3 [23].

Before 2007, the matching was executed under the “sequential mechanism”, in which colleges
gave priority to students who ranked them as their top choices. This mechanism is equivalent to
the quota controlled Boston Mechanism [3] [11], and it is not strategy-proof for either colleges
or students [4]. However, under complete information assumption, strategizing which caters the
priority of colleges could lead to a Pareto improvement for students[2]. Furthermore, the consis-
tency of college priority and preferences within one type of students aligns the interests of colleges
with students, which generates a simultaneous Pareto improvement if either or both sides manip-
ulate. Since each year after admission, colleges announce their minimal entry scores for all types
of students4, and students are informed of their scores as well as their rankings, information can
be considered approximately complete. Under this old mechanism, most students painstakingly
ranked colleges in a strategic way, and their high level of strategizing significantly benefited both
themselves and colleges, and at the mean time exhausted the Pareto improvement space, which
left little incentive for colleges to manipulate (Theorem 1). However, such mechanism aroused
serious fairness concerns as it did not encourage truth-telling [6][16][21].

In 2007, the “parallel mechanism” was first introduced in Zhejiang, and gradually replaced the
“sequential mechanism” in the following years [21]. Under this mechanism, colleges no longer set
priorities based on students’ preference profile, but instead, they rank students completely based
on their NCEE scores [6]. A centralized clearinghouse sequentially assigns students to colleges
in accordance with their preferences, and the assignments are firstly given to the students of the
highest scores, who thus have higher chances to go to their most preferred colleges. If any of the
colleges listed on a student’s preference list has not fulfilled its quota, and the student meets the
minimal score requirement of that college, this student is eligible to enroll, regardless of how he or
she ranks the college. In each round of admission, this mechanism produces the results that are the

2There are 4 tiers: Tier 0 includes special universities such as art institutes, army and police academies, normal
universities, and Hong Kong universities. Tier 1 consists of prestigious four-year universities and other universities
authorized by the Ministry of Education. Tier 2 consists of most of the remaining universities. Tier 3 consists private
universities and independent colleges that only offer undergraduate diplomas.

3Cities treated as different types are special economic zones, including Beijing, Shanghai, Tianjing, and
Chongqing.

4The minimal entry scores from the past years is available to the public, although they varies slightly over years,
they are quite predictable.
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same with both the student-optimal deferred acceptance (SODA) algorithm (Proposition 1) and
the college-optimal deferred acceptance (CODA) algorithm (Proposition 2). It is the acyclic prior-
ity structure of colleges that guarantees the coexistence of SODA and CODA (Theorem 3). Given
the fixed length of preference list for each student, the “parallel mechanism” is strategy-proof for
students (Proposition 4). If the reallocations of type specific quotas are allowed, this mechanism
is manipulable for colleges (Proposition 5) [13], that is, colleges have incentives to truncate their
quota for the type of students of lower scores 5, and enlarge the capacities for the type from which
they are able to potentially recruit higher score students. Since the matching is efficient for colleges
as a whole, any manipulation of individual colleges harm other colleges that do not manipulate or
manipulate in a lower level.

1.2 Pre-exam Recruitment
NCEE has been doubted as an accurate reflection of students’ intellectual abilities. Besides NCEE,
there has been an alternative way for colleges to admit students. First started in Jiangsu in 2001[22],
pre-exam recruitment (PER), or called “independent recruitment” is the admission activity self-
arranged by colleges that is conducted several months earlier than the NCEE. Colleges set aside
part of their capacities to enroll students via their self-designed exams and interviews6.

The percentage of students admitted through PER was low when it was firstly implemented, but in
recent years the percentages in most colleges have significantly increased and a larger number of
colleges have started to participate in PER. For instance, Peking University and Tsinghua Univer-
sity both started PER in 2003. As it is shown in Table 1, the two universities have been expanding
their PER enrollment, and the larges expansion occurred simultaneity in 2008, the year after the
“parallel mechanism” was introduced. In that year, students admitted via PER were increased by
nearly 500 in each university.

year
2003 2004 2005 2006 2007 2008 2009 2010 2011

Peking University 50 179 203 306 547 1178 1164 1562 1620
Tsinghua University 33 150 242 443 484 918 1075 1372 1386

Source: 1) Zhang, Yaqun, 2007 [22]; 2) http://www.gaokao.com/e/20120327/4f7154d2b9e41.shtml.

Table 1: Number of Admissions through Pre-Exam Recruitment by Peking University and
Tsinghua University

Most of the existing literature attributes the soaring scale of PER to the encouragement from
China’s education policy, which promotes integrated development of students (“Suzhi Jiaoyu”)

5Particularly, it is the type which the admitted students have the lower minimum scores.
6The PER procedure has three rounds. In the first round, students submit their on-line application, and colleges

then do the first round screening. In the second round, those who pass the screening are asked to take the exams
designed by the college itself. In the third round, those who pass the exam are interviewed at the college. Students
who are left in the third round are either admitted exempt from NCEE, or received a conditional offer that they will be
given bonus (usually plus 10-30 points) if they apply to that college after NCEE.
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[22], but neither theory nor empirical studies have taken into account the possible casual pathways
between the reform of admission mechanism and the PER expansion, nor have they attempted an
explanation from the view of college incentives. This paper argues that the PER enlargement in
the early years was predominately policy driven, but in the recent years it is the reform of the
admission procedure from “sequential mechanism ” to “parallel mechanism” that widely induces
colleges to participate in such a costly activity. Under the “parallel mechanism”, one college has
incentive to manipulate their capacities to enroll students of higher qualities. However, if the total
quota is fixed for every college, manipulation of one college is at the expense of lowering down
the qualities of students attending other colleges. As a response, more colleges will involve and
input more quotas in this kind of admission, and the “war” of colleges tends to be continuously
intensified until the divisions of quotas are consistent with the distribution of students across dif-
ferent types. In China, however, this equilibrium can never be observed, because only when the
whole portion of quota are assigned to PER that colleges are able to reach the quota distribution
consistent with the student distribution (Proposition 6), but under the current education policy,
PER can only act as a complement for NCEE rather than replace it.

The paper is organized as follows: Section 2 presents the models and shows the results. Section
3 briefly evaluates the assumptions involved in the models and provides several ways for potential
extensions. Finally, Section 4 highlights our main conclusions.

2 Model
Let S ≡ {s1, s2, ..., sn} denote a finite set of students, and C ≡ {c1, c2, ..., cm} denote a finite
set of colleges. Define P ≡ {p1, p2, ..., pk} as the type (province) space, and τ as a type function
which maps S

⋃
C onto P . τ(c) = pi (1 ≤ i ≤ k) means that college c is located in province pi;

τ(s) = pi (1 ≤ i ≤ k) means that student s is from province pi7. Each college c ∈ C has quotas for
students from different provinces, denote the quota vector for college c as qPc ≡ {qp1c , qpsc , ..., qpkc }.
For each type p ∈ P of students, each college c has its minimal and maximal slots q̄pc and qp

c
such

that qp
c
≤ qpc ≤ q̄pc , and the college has its capacity Qc such that

∑k
j=1 q

pj
c = Qc.

Each student s ∈ S has a complete and transitive preference profile Rs (s ∈ S) over C
⋃
{s}

where preference over {s} represents preferring not being assigned to any college in C. Let Rs

denote the class of all such preferences for students s ∈ S. For each s ∈ S, let Ps denote the strict
relation associated with Rs.

Each college has complete and transitive priority lists over all the students, which partly repre-
sent a social objective [14] that are enforced by law (such as nondiscrimination against minority)
and policies (such as the local provincial preference policy), and also partly represent the college’s
preferences. In China, the priorities within the same type are determined by their scores in the
exams. Given the wide distribution of scores, the priority list for each type of students for each

7By law, the college enrollment provincial priority for a student is determined by the province of the registered
permanent residence (“hùkǒu”), regardless where the student is taking the college entrance exam or where he/she goes
to high school
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school is assumed to be strict8. Let �c denote the priority list for school c over S. s �c s
′ means

that student s has higher priority than student s′ for college c. Let the upper contour set of �c at
student s be denoted as Uc(s) ≡ {s′ ∈ S|s′ �c s}. Each college also has complete and transitive
preferences over all the students, which is determined by the scores in the college entrance exam,
regardless of the demographic background of students. Denote the college preference as Rc, and
let Pc denote the strict relation associated with Rc. Let the upper contour set of Rc at student s be
denoted as Dc(s) ≡ {s′ ∈ S|s′Rcs}. To simplify, “type” equals province, and students are taking
the same exams9. For students from the same province, priorities and preferences are consistent;
For students from different provinces, priorities are incomparable since colleges allocate quota for
each province, but preferences can be constructed for all the students.

Similar with a school choice problem [4], an assignment in the college admission is a matching
function µ : S

⋃
C → 2S

⋃
C10 such that:

1. ∀s ∈ S, |µ(s)| ≤ 1 and µ(s) ⊆ C
⋃
s.

2. ∀c ∈ C, |µ(c)| ≤ qc and µ(c) ⊆ S.

3. ∀(s, c) ∈ S × C, µ(s) = c if and only if s ∈ µ(c).

Definition 1 (Acyclic priority/preference structure [13]). Denote the collection of priority lists as
�≡ (�c)c∈C , the priority structure as (�, q). A priority structure contains a cycle if : 1) ∃ distinct
s1, s2 ∈ S, and c1, c2 ∈ C such that s1 �c1 s2 and s2 �c2 s1; 2) ∃ disjoint sets of students S1,
S2 ⊂ S \ {s1, s2} such that S1 ⊂ Uc1(s1), S1 ⊂ Uc2(s2), |S1| = q

c1
− 1 and |S2| = q

c2
− 1. A

priority structure is acyclic if it does not contain cycles. Using the same logic, define the college
preference structure and its acyclicity11.

Definition 2 (Responsiveness [17]). A college c’s preference Pc is called responsive over match-
ings µ and µ′ if µ(c)Pcµ

′(c) whenever sPcs
′, s = µ(c) − µ′(c) and s′ = µ′(c) − µ(c). Colleges’

preferences are assumed to be responsive.

Definition 3 ((Group) strategy-proofness [12]). Let ϕ(R) be the allocation under preference R,
then ϕ is (group) strategy-proof if @S ′ ⊂ S and Rs, R′s ∈ R such that µs(R

′
S′RS\S′)Rsµ(R)

∀s ∈ S ′, and µs(R
′
S′RS\S′)Psµ(R) for some s ∈ S ′. Throught this paper, the strategy-proofness

8The strict priority assumption is reasonable even though sometimes students have the same total score. When it
occurs, colleges break ties by ranking students according to one or more subjects (for example, science colleges may
break ties by comparing scores on math, and colleges of arts may break ties by comparing scores on English.

9In some provinces such as Jiangsu and Zhejiang, students take their province specific college entrance exams. In
this paper, only the case in which students take the centralized exam is considered to make students comparable across
provinces.

10µmaps the set of S andC into their topology, which is the collection of all the subsets of S
⋃
C and the cardinality

is 2S
⋃

C .
11Define the collection of preference lists as PC ≡ (Pc)c∈C , the preference structure as (PC , q). A preference

structure contains a cycle if: 1) ∃ distinct s1, s2 ∈ S, and c1, c2 ∈ C such that s1Pcs2 and s2Pcs1; 2) ∃ disjoint sets
of students S1, S2 ⊂ S \ {s1, s2} such that S1 ⊂ Dc1(s1), S1 ⊂ Uc2(s2), |S1| = Q

c1
− 1 and |S2| = Q

c2
− 1. A

preference structure is acyclic if it does not contain cycles.
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for students means no incentive to reverse the ordinal preference12; strategy-proofness for colleges
means no incentive to reallocate their quotas within the total capacity, but not the incentive to
enlarge or reduce the total capacity or reverse the order of priority13.

Definition 4 (Stability [19]). A matching µ is stable if it satisfied the two conditions:1). Individual
rational (IR): µ(i)Piµ(i)′ for any i ∈ S

⋃
C and µ′ such that µ′i 6⊆ µi. 2). No “blocking pair”: a

pair (s, c) is said to be a “blocking pair” if cPsµ(s) and either a) s �c s
′ for some s′ ∈ µ(c) or b)

|µ(c)| < Qc and s �c ∅.

Here is a list of the assumptions that apply to the models in this paper:

Assumption 1 (College preference and priority). Colleges’ preferences are only determined by
NCEE scores, regardless of the types of students. Colleges’ priorities are also only determined by
the NCEE scores, but the priorities of students of different types are incomparable.

Assumption 2 (Symmetric distribution of colleges14). All the colleges are identical with respect to
the total capacities and the quota allocation rules, that is, they set the same quota q for each outside
province, and also the same quota q′ for the local provinces. The number of colleges are the same
across provinces. To simplify, assume there is only one college in each province.

Assumption 3 (Symmetric distribution of students). All the students take the same exam15, so
their scores across provinces are comparable. Within the province, student scores and preferences
are uniformly distributed, that is, each range of scores has the same number of students, and each
college is preferred by the same number of students. Across the provinces, the numbers of students
are the same. In other words, students do not collectively dislike or like some colleges/provinces,
and the overall student qualities are the same for each province.

Assumption 4 (Size of the matching). The total quota for each college is fixed, the numbers of
colleges and students are also fixed.

Assumption 5 (Manipulation condition). Students can only strategize by reversing the order of
colleges, while they cannot change the length of their preference lists. Manipulation via capacities
means colleges redistribute the quotas among different types of students, while they must fulfill
their total capacities.

2.1 NCEE Before Reform
2.1.1 Controlled “Boston Mechanism”

Before 2007, the matching mechanism is called “sequential mechanism”, in which “Boston mech-
anisms” (BM) are executed within each tier of colleges [6]. Students submit their preference for a

12Although in literature truncation of preference/priority is considered as a kind of manipulation [10] [18]. Since
the length of preference list is fixed by the education policy, the truncation strategy is thus excluded from the domain
of student manipulation.

13In the centralized mechanism, the NCEE score is the only standard, based on which colleges set priorities for
students, so they are not reversible. However, as will be introduced later, in PER some students are able to get extra
scores from particular colleges, so colleges actually can reverse the priority to some degree.

14This assumption helps eliminate the type specific factors that might affect the outcome of models.
15Although there are province specific exams.
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limited number (3 or 4) of colleges in each tier16. The matching goes to the first-tier schools first,
the detailed procedure is as follows:

Round 1: Colleges consider students of different provinces separately. The first tier colleges put
students of the same province together and rank students according to their NCEE scores. In the
first round, a college only consider the students who list it as their top choice and admit students
one at a time following the NCEE score based priority order until either the quotas are fulfilled or
no students who have listed the college as his/her fist choice are left.

...

Round k: In Round k, only the kth choices of students are considered, and these students have
been rejected in the (k − 1)th round. For each college who still has slots for the students from
specific provinces, the students from these provinces who have listed it as their kth choice are ad-
mitted once at a time following the priority order until either the quotas are fulfilled or no students
who have listed the college as their kth choice are left.

The first tier matching terminates when all the quotas for the first tier colleges are fulfilled or
no students are rejected, and those rejected students go to the matching of the second tier schools.
The whole procedure terminates when all the quotas for colleges are fulfilled or no more students
are rejected.

Since the colleges have quotas for students of different types, it is a controlled school choice [11]
problem. Define Controlled Boston mechanism (CBM) to be the Boston mechanism with fixed
total capacity which is divided by type specific quotas.

2.1.2 Manipulation

BM has been criticized to generate strong incentives for strategic behavior [4], since students
might not list their true first-place school if he thought it would be listed first by many others. By
reversing the preference and listing a less popular second choice first some students would give up
a small chance of getting his first choice for a significant increase in their chance of getting their
second choice. BM has the advantage that colleges have no incentive to manipulate via capacities
[13]17, but CBM have the following different traits [13]:

Lemma 1. CBM is manipulable for students [4]. When students strategize, CBM is non-manipulable
for colleges.

Proof. The manipulability is shown in Example 3, and is proved in [4]. Here the proof of the
second statement is given. If students strategize, then for the resulting matching µ and any s, s′ ∈ S
and c ∈ C such that τ(s) = τ(s′), s �c s

′ whenever µ(s) = c and cPs′µ(s′). Denote the set for

16For example, college c11, c12, c13 are the first-tier schools, and c21, c22 and c23 are the second-tier schools, a student s
can submit two independent lists, such as: c11Psc

1
3Psc

1
2 and c22Psc

2
1Psc

2
3.

17In [13], Kesten assumes there is only one type of students, and manipulation via capacities has a narrow definition
which means colleges withhold their capacities.
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s such that µ(s) = c as S1, and denote the set for s′ such that cPs′µ(s′) as S2. Since students and
colleges are symmetric across types, s1Rcs2 ∀s1 ∈ S1 and ∀s2 ∈ S2 holds regardless of types.
When colleges change their quotas, denote the new matching as µ′. Then there must be some
s1 ∈ S1 rejected, and some s2 ∈ S2 admitted. Given the responsiveness of the preferences of
colleges, s1Rcs2 implies µRcµ

′, which means µ′ is not individual rational for colleges, so colleges
do not have incentives to manipulate their capacities.

Lemma 2. CBM is manipulable for colleges. When colleges manipulate, CBM is strategy-proof
for students.

Proof. Denote the matching that neither side manipulates as µ. Suppose c is ranked kth by both s1
and s2, if cPs1µ(s1), s1 ∈ Dc(s2), and µ(s2) = c, then c has incentive to adjust its quota allocation
such that µ′(s2) 6= c18 and µ′(s1) = c, which means c replaces the low score students who are
admitted under µ with those of higher scores but of different types. Denote the matching when
colleges manipulate as µ′. Under µ′, suppose students reverse their rankings of colleges, denote
the new matching as µ′′. Then under µ′′, s2 will either 1) still be rejected at by c if there is no
college he prefers less than c is ranked before c on his preference list, or 2) before he is rejected
by c, s2 will be assigned to a college which he prefers less than c but now he ranks it higher than
c. In both case, cPs2µ

′′(s2). Under µ′′, s1 will be assigned c′ under his or her reported preferences.
Since colleges and students are symmetrically distributed, it must be that s1 replaces some s′2 who
is admitted by c′ under µ, and c′ is ranked kth in s1’s reported preference list. However, it must be
that cPs1c

′, otherwise s1 would have been admitted to c′ before the procedure runs to the kth step
under µ′, so µ′(s1)Ps1µ

′′(s1), it is not individual rational for s1 to strategize when colleges have
fully adjusted their quotas.

Example 1 (Neither students nor colleges manipulate). Consider two colleges c1 and c2, and two
provinces p1 and p2 such that τ(c1) = p1 and τ(c2) = p2. There are 12 students s1, s2, ..., s12 such
that τ(si) = p1 for 1 ≤ i ≤ 6 and τ(si) = p2 for 7 ≤ i ≤ 12. Suppose by the provincial preference
policy each college has 3 slots for students from the same province, and 1 slot for students from
other provinces. The NCEE scores (priorities) and preferences of students are:

p1 student s1 s2 s3 s4 s5 s6
score 100 90 80 70 60 50

preference c2Pc1 c1Pc2 c2Pc1 c1Pc2 c2Pc1 c1Pc2

p2 student s7 s8 s9 s10 s11 s12
score 100 90 80 70 60 50

preference c1Pc2 c2Pc1 c1Pc2 c2Pc1 c1Pc2 c2Pc1

In the first round, colleges only consider students who list them first and assign seats to them by
their scores:

college priority for p1 students priority for p2 students
c1 s2 � s4 � s6 s7 � s9 � s11
c2 s1 � s3 � s5 s8 � s10 � s12

18Actually it is cPs2µ
′(s2), because s2 is rejected by c at round k, so s2 can only be matched to his or her less

favored college or be unassigned.
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The resulting matching is µ(c1) = (s2, s4, s6, s7), µ(c2) = (s1, s8, s10, s12), and s9, s11, s3 and s5
are rejected. Since all the capacities have been fulfilled in the first round, no more rounds will be
run to accommodate the rejected students.

Example 2 (Students do not strategize, colleges manipulate capacities). In Example 1, all the
rejected students have higher NCEE scores than s6 and s12, so it is beneficial for colleges if they
can replace s6 or s12 with the unassigned students. Consider the case when c1 does not move, and
c2 manipulate by reducing its quota for p2 to 2 slots, and enlarging the quota for p1 to 2 slots. As
long as there is congestion condition so that the matching is finalized in the first round, the result
is unchanged for c1. Then c2 has a better matching µ′(c2) = (s1, s3, s8, s10), since the responsive
preference implies µ′(c2)Pc2µ(c2) whenever c3Pc2c10

19.

Example 3 (Students strategize, colleges do not manipulate). Given the results in Example 1,
students have high incentives (especially s9 and s3) to mis-report their preference [4]. If students
prefers any colleges to being unassigned, then the “rejected students” would reverse their ranking
for c1 and c2. Intuitively, students dare not rank colleges outside of provinces unless they have very
high scores, thus the re-arranged student preferences are most likely to be:

p1 student s1 s2 s3 s4 s5 s6
preference c2Pc1 c1Pc2 c1Pc2 c1Pc2 c1Pc2 c1Pc2

p2 student s7 s8 s9 s10 s11 s12
preference c1Pc2 c2Pc1 c2Pc1 c2Pc1 c2Pc1 c2Pc1

There would be two rounds, and new matchings are µ′′(c1) = (s2, s3, s4, s7), µ′′(c2) = (s1, s8, s9, s10),
which is the same with the result when only colleges manipulate.

Example 4 (Both students and colleges manipulate). Under the students’ preferences in Example
3, suppose c2 reduce its capacity for p2 students by one slot and use this slot to enlarge its capacity
for p1 students, then the new matching is µ′′′(c1) = (s2, s3, s4, s7) and µ′′′(c2) = (s1, s5, s8, s9).
c1 is not affected, but µ′′(c2)Pc2µ

′′′(c2)Pc2µ(c2). However, if both c1 and c2 manipulate, then the
results are µ4(c1) = (s2, s3, s7, s10) ∼c1 µ

′′(c1) and µ4(c2) = (s1, s4, s8, s9) ∼c2 µ
′′(c2). In either

case, colleges do not have incentive to manipulate.

If both colleges have already manipulated their capacities as in Example 2, suppose students mis-
report their preferences, then the match will still be µ4. Compared with Example 2 and under
the true preferences of students, [c2 = µ′(s3)]Ps3 [c1 = µ4(s3)], [c2 = µ′(s10)]Ps10 [c1 = µ4(s10)],
[c1 = µ′(s4)]Ps4 [c2 = µ4(s4)], and [c1 = µ′(s9)]Ps9 [c2 = µ4(s9)], reversing their preferences or-
ders will only harm s3, s4, s9 and s10 by placing them in their second-choice colleges, so students
do not have incentive to strategize.

19c1 can manipulate in the same way simultaneously, the new matching µ′(c1) = (s2, s4, s7, s9) does not affect c2,
and is beneficial for c1.
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c1 comply c1 manipulate
students tell truth students strategize students tell truth students strategize

c2 comply
(s2, s4, s6, s7)

a (s2, s3, s4, s7)b (s2, s4, s7, s9) (s2, s3, s7, s11)
(s1, s8, s10, s12) (s1, s8, s9, s10) (s1, s8, s10, s12) (s1, s8, s9, s10)

c2 manipulate
(s2, s4, s6, s7) (s2, s3, s4, s7) (s2, s4, s7, s9) (s2, s3, s7, s10)
(s1, s3, s8, s9) (s1, s5, s8, s9) (s1, s3, s8, s10) (s1, s4, s8, s9)

a The first row is the matching for c1, and the second row is the matching for c2.
b Cells in bold are Nash equilibria.

Table 2: Manipulation under Controlled Boston Mechanism

Theorem 1. In the two-sided matching under SCBM, two Nash equilibria exist, and in each equi-
librium only one side manipulates.

Proof. Denote the matching which neither side manipulates as µ, the matching with one-side ma-
nipulation as µ′, and the matching with two-side manipulation as µ′′. Lemma 1 and Lemma 2 have
proved that the manipulation of one side leaves no room for manipulation for the other side, which
means µ′Pµ′′.

Under µ, suppose ∃ s1, s2 ∈ S such that cPs1µ(s1) and µ(s2) = c for some c ∈ C, but s1Pcs2.
Case 1: If τ(s1) = τ(s2), so it means s1 �c s2, and it must be that s1 ranks c lower than s2. Since
cPs1µ(s1), s1 has incentive to rank c higher. Now suppose s1 ranks c at the same place as s220.
In the resulting matching µ′, µ′(s1) = c and µ′(s2) =6= c. µ′ is envy justified between s1 and s2
since they both rank c at the same level while s1 �c s2. College c is also better off since s1Pcs2
implies µ′Pcµ, given the responsiveness of preference. Thus µ′ in which students strategize Pareto
dominates µ. Case 2: If τ(s1) 6= τ(s2), it must be that c does not have enough quota to enroll
τ(s1) type students. If c reallocates the slot which could have been assigned to s2 under µ to s1,
then µ′(s1) = c and µ′(s2) 6= c. s1Pcs2 implies µ′Pcµ, c is better off. Besides, µ′ is stable among
students since the priorities of different types of students are incomparable. Thus µ′ in which col-
leges manipulate capacities Pareto dominates µ.

So µ′ either students or colleges manipulate Pareto dominates both µ and µ′′.

Remark 1. There are two approaches to turn an unstable CBM into a stable CBM. One is to
exchange the matching within one type, which can be achieved by student strategizing. The other
is to exchange the matching across different types, which can be attained by manipulating via
capacities by colleges.

In China, students have lower cost to manipulate, since the official borderline score of each college
from the last few years and the NCEE results as well as ranking for the test takers in the current
year can be obtained, which enables students to orient themselves among the colleges. In China
before the reform, the equilibrium in which students tell the truth has never existed, partly because
college manipulation via capacities may go against the provincial preferential policy, but more

20Actually s1 can rank c higher than s2, the result does not change.
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importantly, it is because due to relatively lower information cost students are able to strategize at
a sophisticated level, making it not worthwhile for colleges to manipulate.

2.2 NCEE After Reform
2.2.1 Controlled Deferred Acceptance Algorithm

Since 2007, the “sequential mechanism” has been gradually replaced with “parallel mechanism”.
It is called “parallel mechanism” because student preferences no longer dominate in the enrollment
process. For the colleges chosen by a student, the priorities for this students among these colleges
are completely determined by the NCEE scores, regardless of their ranking on the student’s pref-
erence list. First, students submit their preference for a limited number (3 or 4) of colleges in each
tier, then a centralized system ranks these students by their NCEE scores. Students of different
provinces are ranked separately. The detailed procedure is as follows:

Round 1, Step 1: For each province, only the student who is ranked 1st on the priority list (has
the highest score) is considered. The system goes through the list from colleges that are most
preferred by the student to those less preferred. As soon as one college on the list has slots, the
student is admitted. If this student is not assigned to any college after the system goes through his
preference list, he is put in a special list and is asked to submit his updated preference in the later
rounds.

...

Round 1, Step k: For each province, only the student who is ranked kst on the priority list is
considered. The system goes through the list from colleges that are most preferred by the student
to those less preferred. As soon as one college on the list has slots, the student is admitted. If this
student is not assigned to any college after the system goes through his preference list, he is put in
a special list and is asked to submit his updated preference in later rounds.

...

After the first round, colleges which still have slots are posted, and unmatched students re-submit
their preference for these colleges and go to the second round.

...

Round j, Step k: For each province, only the student who is ranked kst on the priority list is
considered. The system goes through the list from colleges that are most preferred by the student
to those less preferred. As soon as one college on the list has slots, the student is admitted. If this
student is not assigned to any college after the system goes through his preference list, he is put in
a special list and is asked to submit his updated preference in later rounds.

The matching terminates when all the quotas for colleges are fulfilled or no more students are
rejected.
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Example 5 (“Parallel mechanism”). Consider the matching problem in Example 1, replace the
CBM with the “parallel mechanism”, and run the algorithm under the true preferences of students.
In the first round, the central system rank the students according to their scores:

p1 student priority ranking: s1 � s2 � s3 � s4 � s5 � s6
p2 student priority ranking: s7 � s8 � s9 � s10 � s11 � s12

Step 1: s1 and s7 are considered. Since c2Ps1c1, c1Ps7c2; c2 has slots for p1 students, and c1 also
has slots for p2 students, the two students are both assigned to their top choices: µ(s1) = c2,
µ(s7) = c1.

Step 2: s2 and s8 are considered. Since c1Ps7c2, c2Ps8c1; c1 has slots for p1 students, and c2
also has slots for p2 students, the two students are both assigned to their top choices: µ(s2) = c1,
µ(s8) = c2.

Step 3: s3 and s9 are considered. Since c2Ps3c1, c1Ps9c2; c2’s quota for p1 students has been
fulfilled, but still has slots for p2 students; and c1’s quota for p2 students has been fulfilled, but
still has also has slots for p1 students, the two students are both assigned to their second choices:
µ(s3) = c1, µ(s9) = c2.

Step 4: s4 and s10 are considered. Since c1Ps4c2, c2Ps10c1; c1 still has slots for p1 students, and
c2 still has also has slots for p2 students, the two students are both assigned to their top choices:
µ(s4) = c1, µ(s10) = c2.

The two colleges are fulfilling their quotas, so the algorithm terminates. The resulting matchings
are: µ(c1) = (s7, s2, s3, s4), µ(c2) = (s1, s8, s9, s10).

Proposition 1. Within each round, the “parallel mechanism” has the equivalent result with the
student-optimal deferred acceptance (SODA) algorithm.

Proof. Without loss of generality, consider only one type of students. Denote the matching un-
der “parallel mechanism” as µ, and denote the matching under SODA as µ′. Before running the
“parallel mechanism”, rank students as s1, s2, ..., sk, ... by their NCEE scores. let ckp denote
the pth-preferred college for students sk, and Qkp denote its quota. Suppose µ(sk) = ckp, then
Qkj ≤ |Uckj(sk)| for j < p, and Qkp > |Uckp(sk)|. Suppose µ′(sk) = ckp′ , where p 6= p′.

Case 1: If p′ > p, then sk has been rejected by ckp under the SODA before applying to ckp′ ,
which implies that Qkp ≤ |Uckp(sk)|, a contradiction.

Case 2: If p′ < p, since Qkj ≤ |Uckj(sk)| for j < p, some sj such that µ(sj) = ckp′ has not
applied to ckp′ under SODA, otherwise sk would have be rejected by ckp′ . 2.1). If ckp′ = cj1, then
µ′(sj) = ∅, which is not individual rational, a contradiction. 2.2). If ckp′ 6= cj1, then sj must has
been admitted by a cjp which cjpPsjckp′ . Using the same logic, it implies ∃ some si such that i < j
and µ(sj) = cjp, and si has not applied to cjp and he is admitted by a more favorable college than
cjp. Since the set of students S is finite and the preference list is also finite, by induction either we
can go to a condition that some student chooses to be assigned rather than to be admitted by his
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top choice college, or s1 has not applied to µ(s1) under the SODA. In the later case, however, s1
has higher priorities than any other students, so it is not individual rational for s1 to go to any other
colleges besides his first choice or to remain unassigned, which implies that µ(s1) = µ′(s1) = c11,
a contradiction with p′ < p.

It follows that µ(sk) = µ′(sk) ∀sk ∈ S, a student is assigned to the same college under the
“parallel mechanism” and SODA.

Remark 2. Although they have the same matching results, that the “parallel mechanism” and
SODA are not equivalent, since the “parallel mechanism” can only exist when colleges’ priorities
over students are acyclic so that a centralized system can rank students according to their priorities
(NCEE scores). In addition, the “parallel mechanism” only allows students to submit a fixed length
of preference list, while SODA does not have such restriction. The “parallel mechanism” can be
considered as a special case of SODA.

Example 6 (SODA). Consider again the same matching problem in Example 1, now run the SODA
algorithm under the true preferences of students.

Round 1: Students “propose” to the colleges of their first choices, and colleges tentatively as-
signs seats to students in the priority order until their capacities are fulfilled, and the remaining
students are rejected.

p1 students p2 students
c1 1st round proposers: s2 � s4 � s6 s7 � s9 � s11
c2 1st round proposers: s1 � s3 � s5 s8 � s10 � s12

c1 tentatively assign seats to s2, s4, s6 and s7; c2 tentatively assign seats to s1, s8, s10 and s12;
s9, s11, s3 and s5 are rejected.

Round 2: Rejected students s9, s11, s3 and s5 “propose” to the colleges of their second choices:

p1 students p2 students
c1 2nd round proposers: s3 � s5
c2 2nd round proposers: s9 � s11

Colleges would consider the new “proposers” together with the students who are tentatively ad-
mitted:

p1 students p2 students
all c1 applicants: s2 � s3 � s4 � s5 � s6 s7
all c2 applicants: s1 s8 � s9 � s10 � s11 � s12

In this round, s5, s6, s11 and s12 are rejected. Since s11 and s5 have no colleges they have not ap-
plied, they are removed from the system.

Round 3: s6 and s12 “propose” to the colleges of their second choices:
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p1 students p2 students
c1 3rd round proposers: s12
c2 3rd round proposers: s6

Colleges would consider the new “proposers” together with the students who are tentatively ad-
mitted:

p1 students p2 students
all c1 applicants: s2 � s3 � s4 s7 � s12
all c2 applicants: s1 � s6 s8 � s9 � s10

Since s6 and s12 have lower priorities than those who have been tentatively admitted, they are
rejected again, and removed from the system. The algorithm terminates. The matchings are:
µ(c1) = (s7, s2, s3, s4), µ(c2) = (s1, s8, s9, s10), which is the same result in Example 5.

Proposition 2. Within each round, the “parallel mechanism” has the equivalent result with the
college-optimal deferred acceptance (CODA) algorithm.

Proof. Without loss of generality, consider only one type of students. Denote the matching under
“parallel mechanism” as µ, and denote the matching under CODA as µ′. Since µ′ is college-
optimal, µ′Rcµ ∀c ∈ C. Before running the “parallel mechanism”, rank students as s1, s2, ..., sk,
... by their NCEE scores. let ckp denote the pth-preferred college for students sk (k ≥ 1). Suppose
µ(sk) = ckp, µ′(sk) = ckp′ , where p 6= p′.

Case 1: If p′ < p. Since ckp′Pskckp, under the “parallel mechanism” sk is not assigned to ckp
because its quota has been full and is filled with students who have higher NCEE scores than sk.
Compared with µ, ckp′ must replace someone of higher scores with sk, which means µRcµ

′, a con-
tradiction with college optimality of µ′.

Case 2: If p′ > p, it implies ckp has not proposed to sk, otherwise sk would have rejected ckp′
and accepted the offer from ckp. 2.1). If k = 1, it implies µ′(ckp) = ∅, contradicting with µ′Rckpµ.
2.2). If k ≥ 2, there is some sj such that j < k that replaces sk in ckp, thus leads to µ′Rckpµ.
Since sj is not assigned to µ(sj) under µ′, if µ′(sj)Psjµ(sj), it is Case 1, which has been shown
infeasible. If µ(sj)Psjµ

′(sj), then if j = 1, it is the same with condition 2.1, which is not possible,
so it must be that µ(sj) is better off in µ′ by not enrolling sj but selecting some other sl such that
l < j. Since k is finite, by induction we can finally get some si such that i = 1 and µ(si) 6= µ′(si),
then µ′(si) cannot be better off by not enrolling si, which contradicts with the college optimality
condition of CODA.

It follows p = p′, which means µ(sk) = µ′(sk) ∀sk ∈ S, a student is assigned to the same
college under the “parallel mechanism” and CODA.

Example 7 (CODA). Consider again the same matching problem in Example 1, now run the
CODA algorithm under the true preferences of students.

Round 1: Colleges give admission offers to the students in their priority order until their capacities
are fulfilled, and students tentatively accept the college they most prefer among all the offers they
receive, and the remaining colleges are rejected.
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p1 students p2 students
c1 proposes to: s1 � s2 � s3 s7
c2 proposes to: s1 s7 � s8 � s9

s1 accepts c2 and rejects c1; s7 accepts c1 and rejects c2. s2 and s3 accept c1, s8 and s9 accept c2.
Then colleges give offers to the students in the priority order they have not given offers before,
until the capacities are fulfilled, students will consider the new offers with the old ones and choose
the most preferred one from them.

Round 2: c1 and c2 propose to one more p1 and p2 students receptively:

p1 students p2 students
c1 proposes to: s4
c2 proposes to: s10

s4 and s10 do not receive offers in the first round, so they accept the offers from c1 and c2 respec-
tively. In this round, two colleges both fulfill their quotas, so the algorithm ends. The matchings
are: µ(c1) = (s7, s2, s3, s4), µ(c2) = (s1, s8, s9, s10), which is the same result in Examples 5 and
6.

In order to show one of the most important results of this paper, here we first present the theorem
proposed by McVitie and Wilson (1970):

Theorem 2 (McVitie and Wilson, 1970 [15]). The set of unmatched agents is the same at every
stable matching.

Theorem 3. In the two-sided matching with side A and side B, if at least one side has acyclic pri-
ority/preference structure, “A-proposing” and “B-proposing” Deferred Acceptance Algorithms
(DA) produces the same matching results.

Proof. Prove this theorem by proving its contrapositive statement, that is, if “A-proposing” and
“B-proposing” deferred acceptance algorithms result in different matchings, it must be that both
sides have cycles in their preferences or priorities.

Let µ be the matching that results from the A-proposing DA, and let µ′ be the matching that results
from theB-proposing DA. Since the set of total agents is the same in both µ and µ′, Theorem 2 im-
plies the set of matched agents are also the same. Thus we haveA′ = µ(B)\µ′(B) = µ′(B)\µ(B),
and B′ = µ(A) \ µ′(A) = µ′(A) \ µ(A), where A ⊂ A, B ⊂ B, and µ(A′) = µ′(A′) = B′,
µ(B′) = µ(B′) = A′. Since µ is A-optimal, µPaµ

′ ∀a ∈ A′, which means cycles must exist in
A, otherwise µ(A) 6= µ′(A), a contradiction. Using the same logic, we can show cycles must also
exist in B.

Remark 3. Acyclic priority/preference structure is a sufficient condition to generate the same A-
optimal and B-optimal DA results, but it is not a necessary condition. If both sides have cyclic
preferences/priorities, “A-proposing” and “B-proposing” DA Algorithms may still produce the
same result. For example, in a one-to-one matching with 2 agents on either side, side A has
preferences b1Pa1b2, b2Pa2b1, and side B has preferences a1Pb1a2, a2Pb2a1, then “A-proposing”
and “B-proposing” both lead to µ(a1) = b1 and µ(a2) = b2, which is optimal for both sides.
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2.2.2 Manipulation

Theorem 4 (Dubins and Freedman, 1981; Roth, 1982). In the game induced by the A-proposing
deferred acceptance algorithm, in which each player states a preference list, it is a weakly domi-
nant strategy for each agent in side A to state his or her true preferences.

Combining the Theorem proposed by Dubins and Freedman (1981) [9] and Roth (1982) [20] and
Theorem 3, a corollary follows straight forward:

Corollary 1. With fixed length of preference/priority, stable matching mechanism exists for which
truthful revelation of preferences is a dominate strategy for all agents, if at least one side has
acyclic preference.

Remark 4. Our results seems contradicts with the “Impossibility Theorem” by Roth (1982) [20]21,
but actually not, because he considers truncation in preference/priority list is a kind of manip-
ulation, while here we have fixed the length of preference/priority (the fixed quota), and in his
matching problems preferences are not necessary to be acyclic.

Proposition 3 (Abdulkadiroğlu and Sönmez, 2003). Gale-Shapley student optimal mechanism
with type-specific quotas is strategy-proof.

Proposition 4. Within each around, the “parallel mechanism” is strategy-proof for students.

Proof. The proof follows directly from Proposition 1 and Proposition 3.

To simplify, the analyses below are all within one around of the “parallel mechanism”, and can be
considered as as Deferred Acceptance (DA) with fixed student preference length.

Proposition 5. Within each round, the “parallel mechanism” is manipulable via capacities for
colleges.

Proof. By Assumption 2, suppose N = |C|, M = |S|, and each province has one college22.
Suppose each college ck has quota qk for the province where the college locates, and has the same
quota q for the other provinces, and qk ≥ q by policy. According to Assumption 3, students’ NCEE
scores are uniformly distributed:

f(NCEE) =

{ 1
NCEE−NCEE

if NCEE ≤ NCEE ≤ NCEE

0 otherwise,
(1)

where NCEE is the upper bound and NCEE is the lower bound, and f is the density function.

For the same type of students, the q̂th students23 who are admitted have the same scores across
21“Impossibility Theorem” [20] states that: no stable matching procedure for general matching problem exists for

which truthful revelation of preferences is a dominate strategy for all agents.
22In reality it is obvious not true that each province has only one college, but we can consider each college in this

model is the sum of all colleges within one province. It can be easily shown that if there are more than 2 colleges in
one province, the manipulation of one college benefits the others since students of the same province who are rejected
due to manipulation go to other colleges, which lifts the overall lower bound of NCEE scores for that province.

23The ranking is based on NCEE scores.
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colleges ∀q̂ ≤ q, since the parallel mechanism enroll students from the highest scores to the lowest
scores, and the uniformly distributed preferences allocate students evenly among colleges. The
NCEE score for q̂th student is:

NCEE − q̂N

M
(NCEE −NCEE). (2)

For q̂ > q, these students are all admitted by the colleges of their own provinces, and their score
is:

NCEE − q(N − 1) + q̂

M
(NCEE −NCEE). (3)

It implies that the extra quota admit students with scores lower than the students admitted in any
other province. Suppose ck reduces its quota for its own province by 4q, and increase the quota
for province j by4q24. The score ranges for pk and pj students in ck become:[

NCEE − q(N − 1) + q̂ −4q
M

(NCEE −NCEE), NCEE

]
(4)

and [
NCEE − qN + 24q

M
(NCEE −NCEE), NCEE

]
. (5)

The lower bound of NCEE scores of admitted pk students is increased, but the lower bound of
students from pj becomes lower. As long as 24q ≤ q̂ − q, ck can realize an overall improvement
of the quality of admitted students, with the lowest scores being higher. However, it hurts cj , since
cj has to admit students of lower scores to fulfill its quota for pj students, and score range of pj
students becomes:[

NCEE − q(N − 1) +4q + q̂

M
(NCEE −NCEE), NCEE

]
. (6)

The best response for cj is to cut the quota for pj students and add this quota in other provinces.

Remark 5. Such manipulation is a zero-sum game among colleges, because Theorem 2 implies
that if the total capacities of all the colleges remain the same, then the score distributions of all ad-
mitted students do not change, which means when some colleges admit students of higher scores,
the other colleges are left with lower score students. Intuitively, consider the parallel mechanism
has given CODA results, so any manipulation cannot improve the efficiency for colleges. In equi-
librium, all colleges will manipulate, and q̂− q = N4q, where4q is the extra quota evenly added
to each outside province, so the lower bound of admitted students will be the same for each college.
Although colleges do not benefit from this equilibrium, students, especially the students of lower
scores have wider choices.

Example 8. Consider again the same matching problem 1 under the DA or “parallel mecha-
nism”. Suppose c1 reduces its capacity for p1 students by one slot and use this slot to enlarge
its capacity for p2 students, here we have 4q = 1, q̂ = 3 and q = 1,so 24q = q̂ − q,

24ck does not need to only increase quota for one province, it can also allocate this quota among many provinces.
The pre-exam recruitment discussed in the following subsection is exactly what it does.
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which means c1 manipulates. Suppose c2 does not move, then the new matching is µ′(c1) =
(s2, s3, s7, s9) and µ′(c2) = (s1, s8, s10, s11). Under the responsive preference, s9Pc1s4 implies
(s7, s2, s3, s9)Pc1(s7, s2, s3, s4), hence c1 benefits from this manipulation. Since s9Pc2s11 implies
(s1, s8, s9, s10)Pc2(s1, s8, s10, s11), c2 is hurt and thus also has incentive to do the same manipula-
tion.

2.3 Mechanism of Pre-exam Recruitment
Suppose there are N provinces. Arbitrarily pick one college c in one province such that its max-
imal capacity is Qc = qc + (N − 1)q, where quota qc reserved is for the students from its own
province, denote the set of these students as S1; q is the quota for students from each of the other
N −1 provinces, denote the set of all of those students as S2. By the provincial preferential policy,
qc > q. Suppose without PER, the range of NCEE scores of S1 students is

[
NCEEqc , NCEE

]
,

and the range of S2 students is
[
NCEEq, NCEE

]
, where NCEEq > NCEEqc because qc > q.

Now c sets aside γ% of its total capacity for PER, so the quota for NCEE is (1 − γ%)qc for
S1 students, and (1− γ%)q for S2 students from each province. Since students are assumed to be
uniformly distributed, the number of S1 and S2 students recruited via PER are

γ%
(N − 1)q + qc

N
(N − 1) > γ%q(N − 1), (7)

and

γ%
(N − 1)q + qc

N
< γ%qc, (8)

respectively. It means PER cannot make up for the deduction in quota for S1 in NCEE, but it
recruits more S2 students than it deducts. As a result, PER generates the quota allocation equivalent
to the case when the college manipulates its capacities by moving the quota of local students
to other provinces. In PER, students who truly prefer the college will apply, and those of the
highest excellence are admitted. In order to make PER and NCEE comparable, we need another
assumption:

Assumption 6. In the Pre-exam Recruitment, colleges admit students who will have the highest
scores in NCEE.

Chinese use the word “qiājiān” to describe PER, which means PER selects the most excellent
students. In reality, the NCEE and PER performances are affected by a number of personal and
impersonal factors, but to simplify the problem, here they are assumed to be totally determined
by the ability of students. In addition, Assumption 6 implies that the academic background25, the
ability to achieve high scores in exams and interview skills are positively related.

Section 2.1 has shown that under CBM when students strategize, S2 type students with NCEE
scores lower than NCEEq will list the colleges of their own provinces as top choices, even if
college c is their most preferred one. When c has allocated more quota for S2 students, this ex-
tra quota only enrolls students who are rejected by the colleges of their own provinces, who have

25The general academic background is accessed in the first round application of PER.
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scores lower than NCEEqc . The college also has to reject some S1 students with scores higher
than NCEEqc . Thus, CBM with students strategizing is not beneficial for colleges which are im-
plementing PER.

In contrast, under the “parallel mechanism”, c is able to recruit students from other provinces
with scores lower than NCEEq, but higher than NCEEqc , and reject local students whose scores
are at or near the bottom of NCEEqc , in other words, c benefits through reducing the gap of the
lowest scores between S1 and S2-type of admitted students, thus lifting the overall lower bound of
the scores. This is because the lower bound of scores for each type of admitted students are fully
reflected in the quota assigned to that type:[

γ%
(N − 1)q + qc

N
+ (1− γ%)q

]
: q =

(
NCEE −NCEEq′

)
:
(
NCEE −NCEEq

)
, (9)

{[
γ%

(N − 1)q + qc
N

+ (1− γ%)qc

]
−
[
γ%

(N − 1)q + qc
N

+ (1− γ%)q

]}
: (qc − q) =(

NCEEq′ −NCEEq′c

)
:
(
NCEEq −NCEEqc

)
,

(10)

where NCEEq′c
and NCEEq′ are the new lower bounds of scores for S1 and S2 students. The

optimal γ∗% is achieved when NCEEq′ = NCEEq′c
. From Equation 10, γ∗% = 1, which means

the college use all of its quota for PER.

Proposition 6. For each college, PER cannot eliminate the score gap between different types of
admitted students as long as some portion of its quota is assigned to NCEE.

However, this can hardly be achieved in China as NCEE still dominates the college admission26,
implying that among all the admitted students in one college, there always exists some local stu-
dents whose scores are lower than any other the students from other provinces. Since γ∗% is
constrained to be smaller than 1, enlarging the percentage of quota for PER always strictly benefits
the college, and it explains the increasing prevalence of PER from the view of the incentive of the
college itself.

Example 9 (PER under Boston Mechanism). Consider two colleges c1 and c2, and two provinces
p1 and p2 such that τ(c1) = p1 and τ(c2) = p2. There are 20 students s11, s12, ..., s110, s21, ...,
s210 such that τ(sij) = p1 for i = 1 and τ(sij) = p2 for i = 2, where 1 ≤ j ≤ 10. Suppose by
the provincial preference policy each college has 6 slots for students from the same province, and
2 slot for students from other provinces. The NCEE scores (priorities) and preferences of students
are:

p1 student s11 s12 s13 s14 s15 s16 s17 s18 s19 s110
score 100 95 90 85 80 75 70 65 60 55

preference c2Pc1 c1Pc2 c2Pc1 c1Pc2 c2Pc1 c1Pc2 c2Pc1 c1Pc2 c2Pc1 c1Pc2
p2 student s21 s22 s23 s24 s25 s26 s27 s28 s29 s210

score 100 95 90 85 80 75 70 65 60 55
preference c1Pc2 c2Pc1 c1Pc2 c2Pc1 c1Pc2 c2Pc1 c1Pc2 c2Pc1 c1Pc2 c2Pc1

26Exceptions are the few private universities which are not administrated by the Ministry of Education (the diplomas
from these universities are also not authorized by the Ministry of Education) and some special universities in Tier 0.
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Under the “Boston mechanism”, the matching is:

µb1(c1) = (s12, s14, s16, s17, s18, s110, s21, s23)

µb1(c2) = (s11, s13, s22, s24, s26, s27, s28, s210).

It is easy to know that students with scores lower than 85 have incentive to list their local school
on top of their preference lists, so when students strategize, their preferences are:

p1 student s11 s12 s13 s14 s15 s16 s17 s18 s19 s110
preference c2Pc1 c1Pc2 c2Pc1 c1Pc2 c1Pc2 c1Pc2 c1Pc2 c1Pc2 c1Pc2 c1Pc2
p2 student s21 s22 s23 s24 s25 s26 s27 s28 s29 s210
preference c1Pc2 c2Pc1 c1Pc2 c2Pc1 c2Pc1 c2Pc1 c2Pc1 c2Pc1 c2Pc1 c2Pc1

The matching under the BM in which students strategize is:

µb2(c1) = (s12, s14, s15, s16, s17, s18, s21, s23)

µb2(c2) = (s11, s13, s22, s24, s25, s26, s27, s28).

Suppose now c1 sets aside 50% of their quota to enroll students via PER, that is, only 4 seats
(1 seat for p1 students, 3 seats for p2 students) are for NCEE recruitment, and the rest 4 seats
recruit students of the highest scores regardless of their provinces. During PER, students will
apply according to their true preference27:

Students applying to c1 : s12 s14 s16 s18 s110 s21 s23 s25 s27 s29.

Among them, s21, s12, s23, s14 will achieved the highest scores in the NCEE and they thus also are
admitted during PER by Assumption 6, and the rest students will take NCEE. The new matching
under student strategizing BM and combing the results of PER is:

µb3(c1) = (s12, s14, s15, s16, s17, s29, s21, s23),

µb3(c2) = (s11, s13, s22, s24, s25, s26, s27, s28).

c2 is not affected. However, since s18Pc1s29 implies µb2Pc1µb3 , c1 is strictly worse off.

Students’ decision making is based on the admission information from past periods, although it
is possible that they further update their preferences in accordance with colleges’ admission pol-
icy. In this example, in the future s25 and s27 might want to report their true preferences, since
they both have higher priorities than s29 in c1. However, they cannot both doing so, otherwise
(more than) one of them (s27 more likely) will end in being unmatched. Since all students strictly
prefer being assigned to a college to being unmatched, in equilibrium neither s25 or s27 will list c1

27In China, students generally are not allowed to apply to both c1 and c2, because many universities set their second-
round exam on the same day (such as Peking and Tsinghua Universities), or students have time or budget constraint to
apply to many universities (the traveling cost for exams and interviews, and time input for preparing for the college-
specific exams and interviews).
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as their top choice28. Intuitively, with PER colleges are able to enlarge the quota for the outside
provinces, but the magnitude is small. Under BM, the students at the margin to be admitted by their
most preferred colleges still dare not list these colleges as their top choices if there exist too many
competitors. Thus, c1 has no incentive to do PER, since compared with µb2 , µb3 is not individual
rational for c1.

Example 10 (PER under “parallel mechanism”). Consider the same matching scenario in Example
9, the matching under the “parallel mechanism” or SODA/CODA is:

µp1(c1) = (s12, s14, s15, s16, s17, s18, s21, s23)

µp1(c2) = (s11, s13, s22, s24, s25, s26, s27, s28).

If c1 set aside 50% of the capacity for PER, the new matching is:

µp2(c1) = (s12, s14, s15, s16, s17, s25, s21, s23)

µp2(c2) = (s11, s13, s22, s24, s29, s26, s27, s28).

c1 rejects s18 and recruits s25 who would go to c2 without PER. c2 recruits s29 whose seat would
have been for s25 if c1 does not do the PER. s25Pc1s18 implies µp2Pc1µp1 , and s25Pc2s29 implies
µp1Pc2µp2 , so c1 is strictly better off while c2 is strictly worse off, so as a response, c2 will also take
the initiative to do PER.

3 Discussion
The models discussed here are the simplification of reality. Here are a few points that the models
might deserve to be reconsidered, and some potential extensions are discussed:

3.1 From Symmetric to Asymmetric
China’s development has been accompanied by the demographic and economic regional inequali-
ties between the rural and urban, the coastal and inland areas, and across provinces. Colleges and
students are not symmetrically distributed. A number of prestigious universities and high schools
are located in big cities such as Beijing and Shanghai, and in developed provinces such as Zhejiang
and Jiangsu, while education resources exhibit great scarcity in the remote regions. For colleges,
good colleges are more likely to receive the government funding and private donations, thus have
larger capacities and are more active in PER, and they are preferred by more students. For students,
those from good high schools and rich families are more likely to achieve high scores in NCEE

28s25 has higher score than s27, it seems he (or she) should have larger incentive to change preference. However,
he might refrain himself from doing so. Under complete information, he knows c1 is worse off by PER in last period,
in this period it is a rational expectation for s25 that c1 may shrink its quota for PER (complete information never
applies in the current period), so if s25 lists it as top, he may be rejected and thus unassigned. If we relax the complete
information assumption, then s25 does not know the quota and his relative ranking in c1, but he only knows if he
list c2 as top, he is guaranteed a seat. On average, students are risk neutral, so in both cases, s25 will mis-report his
preference and end himself in c2.
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and give good performance in PER. Although PER aims to reduce the regional barriers and recruit
students regardless of their geographic locations, it is still regional biased as students from poor
rural areas typically have little advantage in this competition.

A model that incorporates the heterogeneity of colleges and students within and across provinces
can be considered. With high level of manipulation, students get into the colleges whose qualities
or popularities commensurate with their NCEE scores, so it is foreseeable that manipulation is
more likely to be biased towards the more developed regions, thus the poor rural areas will have
fewer students attending the outside prestigious universities, and colleges located there will also
find it hard to attract high quality students. Although the resulting matching with manipulation is
efficient and stable, it raises the fairness and welfare concerns, which may partly explain why the
explicit manipulation is forbidden by law. The PER also statistically “favors” the students from
developed regions, who implicitly bite the quota that could have been allocated to the poor regions
in NCEE, and this prediction is consistent with the fact that in the recent years there has been a
decline in the proportion of rural students attending colleges especially the top universities which
are actively implementing their expansionary PER policy29.

3.2 From Complete to Incomplete
With a fixed length of preference list, under the “sequential mechanism”, students typically top
list the college they have the largest chance to be admitted, while under the “parallel mechanism”,
students list first the “dream school”, second the moderate school, and finally one safety school.
Most provinces let students submit the preference form after their NCEE results come out, while
in a few provinces, students report their preferences before taking the NCEE, so they can only
estimate their potential NCEE achievement and their chances to go to colleges. In this case, infor-
mation is not complete. This preference submission partly reflects students’ risk preferences, and
the matching should admit the equilibria in which all students exhibit the same attitude towards
risk and the same expectation of their scores. However, if we assume the random distribution of
risk preferences, then the matching as a whole always leads to an equilibrium. To improve the
efficiency on the students’ side, the procedure may be reduced to the one-sided matching [1] in
which students trade their preferences when someone overestimates their scores while others do
the reverse.

In addition, rather than being admitted directly exempt from NCEE, alternatively students who
pass all the rounds of PER screening in practice may receive a conditional offer such that they will
be given bonus (extra points) if they apply to that college after NCEE. Under the assumptions of
complete information when students submit preferences and the assumption of positive association
between NCEE scores and probability of passing PER screening, colleges may need to set different
optimal bonus for specific levels of students, and they also need to wisely allocate the PER quota
between those who are admitted directly and those who are given the conditional offers. If we relax

29“A sample survey of undergraduate students entering Tsinghua University’s School of Humanities last year
showed that rural students made up only 17 percent of the class, even though rural students accounted for 62 per-
cent of students who took the 2010 national college entrance exam.” (http://www.china.org.cn/opinion/
2011-08/11/content_23188351.htm)

22

http://www.china.org.cn/opinion/2011-08/11/content_23188351.htm
http://www.china.org.cn/opinion/2011-08/11/content_23188351.htm


the above assumptions, then colleges have to further consider the risk of wasting the PER quota as
students who get the conditional offer may still not attain the minimal scores. Given the limited
quota, a flexible while robust admission scheme that maximizes the non-wastefulness of capacity
and maximizes the qualities of admitted students needs to be developed. Linear programming for
risk and robust optimization might be a promising model.

3.3 From Excess Demand to Excess Supply
In the recent years, the Ministry of Education has been promoting the higher education expansion
policy, so the capacities of colleges cannot not be fixed. With the economic development and pol-
icy encouragement, the supply of education is likely to increase. The size of students is also not
fixed within and across provinces. On the one hand, the overall number is increasing, as a result
of the next generations of the baby boomers graduating from high schools (as already shown in
Figure 1). On the other hand, the stringent implementation of family planning program and the ris-
ing child-bearing cost have caused a decline in fertility. Furthermore, in the recent years, as more
students start to pursue their undergraduate studies abroad, the applicants to domestic colleges (the
NCEE test takers) have declined in some major cities and developed provinces.

In the coming decades, the effects from demographic transitions in China will loom large, the
shrinking of the student pool will finally appear; and with the continuing human capital accumu-
lation and economic growth, the supply of higher education will someday meet its demand. The
models in this paper are under the framework that the number of students exceed the capacities of
colleges. However, if the capacities of colleges exceed the number of students, then CODA and
SODA might not be equivalent in the “parallel mechanism”, and manipulation via capacities might
not remain to be profitable for colleges. Furthermore, the fierce competitions among students today
might turn out to be the competitions between colleges for excellent students. At that stage, we
even do not need to belabor which mechanism is good or how to strategize, but to doubt whether
the NCEE as a dominating student selection method should be canceled.

4 Conclusion
This paper contributes towards understanding the causes and consequences of the college indepen-
dent recruitment in China, a phenomenon that has become increasingly prevalent. It investigates
this issue by comparing the college admission mechanisms before and after the reform with respect
to the efficiency and strategy-proofness.

Before the reform, the student enrollment induced by the “sequential mechanism” generates in-
efficient and non-strategy-proof results as it gives priority to students based on their preferences.
In this two-sided matching, Pareto improvement can be achieved through manipulation, and ma-
nipulation can always improve the efficiency for both sides because the acyclic priority structure
of colleges guarantees the consistency of students and college interests. Which side manipulate
depends on who have the lower cost to do so. Since information is almost complete for students,
and explicit college manipulation via capacities is forbidden by law, that’s why it is students who
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take the initiative to strategically misreport their preferences, that is, putting a less preferred and
less popular college on top of the preference list. After the reform, the “parallel mechanism” en-
rolls students according to their NCEE scores, and its matching result is both student-optimal and
college-optimal. Given the fixed student preference length and fixed college quota for each type of
students, this mechanism is strategy-proof for both students and colleges. However, with the intro-
duction of pre-exam recruitment, colleges has the autonomy to reallocate the quota, and it turns out
to be beneficial to them. Colleges thus avail to this opportunity to manipulate the mechanism by
reducing the quota for lower quality students and enlarge the quota for high quality students. How-
ever, since the “parallel mechanism” is already efficient overall, colleges which implement PER
implicitly “steal” the students who would have been allocated to other colleges. As a response,
more colleges involve in PER and a larger portion of capacity is allocated for PER use. However,
in current China, NCEE still dominates, the optimal quota division can never be achieved via PER
unless the initial division is already consistent with student distribution.

Several assumptions involved in the model can be relaxed, perhaps the strongest assumptions are
the symmetric distribution of colleges and students and the complete information assumption. Re-
moving them might challenge the strategizing equilibrium, but it should not shake the fundamental
casual relationship between the reform of college enrollment mechanism and the expansion of
PER. With the increasing supply of college education and the declining population in China, how
the mechanism will evolve in later cohorts will need to be studied.
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